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Abstract

Linear regression is used to ﬁnd the line that best ﬁts a set of data points {( n n )}Nn=1 ,
where the criterion is minimization of the sum of the squares of the distances of the data
points from the line. In the conventional scenario the coordinates are considered to be
precisely known, and the distance of a data point to the line is taken to be the vertical
distance. A trivial swap of independent and dependent variables enables changing the criterion to the sum of the squares of the horizontal distances. In certain applications, for
example mapping problems where we wish to approximate points on a map by a straight
line, the natural criterion to be minimized is the Euclidean distance of the data points from
the approximation line, that is the distance from the data point to the closest point on
the line. This corresponds to the perpendicular distance from the line rather than vertical
or horizontal, which can not be found using standard linear regression techniques. In this
paper an explicit formula for the Euclidean regression line is presented.
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Classical ‘one dimensional’ linear regression

In this paper we assume that we are given N two dimensional data points {(xn , yn )}Nn=1
and are required to ﬁnd a straight line that best ﬁts these data points. If all the data points
are truly colinear, the expression ‘best ﬁts’ is uniquely deﬁned, but when they are not, one
must pick the meaning best suited for the application.
In the classical linear regression problem, we assume that we have samples of a function
y(x), where x is the independent variable. Being an independent variable, we take the
values of the xn to be under our control, and thus perfectly known. On the other hand, the
yn values are assumed to have been experimentally measured, and thus suﬀer from various
noise eﬀects, including measurement error, quantization error, modeling error, etc.
Although the data points (x, y) exist in two dimensional space, we call this problem ‘one
dimensional’ as there is a single independent variable x. The true y values, being derived
from x, lie along a one dimensional line, at some angle to the x axis.
The classical (one dimensional) linear regression problem is to ﬁnd the line ŷ = mx + b
that best approximates the experimental data. It is natural to deﬁne the approximation
error of a data point (xn , yn ) to be the diﬀerence between the approximated y and the
measured value εn = ŷn − yn = (mxn + b) − yn , as depicted in Figure 1. The line that ‘best
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ﬁts’ the data is the one that minimizes the sum of the squares of these approximation
 errors.
The slope m and y-intercept b are given in equations (1) and (2), where < f >≡ N1 Nn=1 fn .

> − < x >< y >
m = σσxy2 = < xy
< x2 > − < x > 2
x
b = y  − m x 

(1)

(2)
Of course, this method completely breaks down when the line is precisely vertical, since
then x = k and the assumed functional form y = mx + b doesn’t hold. However, it also
breaks down in practice when that line has large but ﬁnite slope. To see why, consider
that although x is an independent variable, and thus theoretically perfectly determined, in
practice it too has some experimental uncertainty. When in an experiment we set a real
x value in order to recover the y, we can not force it to take exactly the value we want.
Until now we have assumed that our ability to set x results in errors that are insigniﬁcant
as compared with those resulting from the measurement process for y. But when the line is
of large slope, ignoring small ‘setting’ errors eﬀectively creates large ‘measurement’ errors,
as can be seen in Figure 2. This destabilizes the process, causing the slope estimation to
be highly sensitive to slight inaccuracies in x.
We could have avoided this situation were we to have exploited a diﬀerent type of linear
regression problem. In this type of problem the roles of x and y are swapped, making y
the independent variable and x the dependent one. The line is described by x = m y + b ,
where m and b are given by equations (3) and (4).








> − < x >< y >
(3)
m = σσxy2 = < xy
2 > − < y >2
<
y
y
(4)
b =  x  − m y 
Of course, when m is small it is still true that small changes in m result in large changes
in m ∼ m1 ; but the solution is more stable as the error criterion depends on errors in x, as












can be seen in Figure 3. If the line is not truly vertical, and we wish to compare the slope
thus obtained to the previous one, we compute the reciprocal of m .
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Two dimensional Euclidean regression

In various applications, including mapping problems, one wishes to ﬁnd the line that best
approximates a two-dimensional set of data points, where the x and y values are on an
equal standing, that is, neither x nor y are independent variables upon which the other
depends. For example, we may have a set of points on a map that represent a straight road
or border, and wish to draw that road or border in a single line-drawing operation. Since
the x and y values have been obtained by digitizing aerial photographs or by collecting
surveying data, they have experimental inaccuracies that would result in a jagged line were
the individual points connected. Also, the line representation is a more compact one for
storing in a mapping database, and a necessary one for automatic analysis of the map.
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The most common approach to the two dimensional problem has been to exploit one
dimensional linear regression. Assuming a mapping problem with x axis representing the
west-east direction and the y axis representing the south-north direction, according to this
approach one estimates a line y = mx + b that best approximates the data points under the
assumption that the west-east coordinate is without error, while the south-north coordinate
is contaminated.
This approach completely breaks down for roads or borders running from south to north,
and is unreliable for roads or borders close to that direction.
The common remedy is to check the m obtained from the linear regression. If it exceeds
1 in absolute value (i.e. is between 45 and 135 degrees), the linear regression parameters
are recomputed under the assumption that the errors are in the west-east coordinate. In
other words, instead of m we compute m . Assuming that we have precomputed all the
sums needed for determination of < x >, < y >, < xy >, < x2 >, and < y2 >, this new
linear regression does not require returning to the data points, but only recombination of
statistics already computed. Hence this operation can be performed after the fact and is
not overly expensive from the computation point of view.
Although this technique is straightforward, it is inelegant and does not really capture
the nature of the problem at hand. In the present case neither x nor y have special status,
and the natural error criterion is the distance of data point from the approximation line,
that is the Euclidean distance from the data point to the nearest point on the line. This
corresponds to an error perpendicular to the approximation line, as depicted in Figure 4.
Although it is conventional in such cases to represent the line in an axis neutral fashion
Ax + By + C = 0, we will continue to use the usual form y = mx + b. When using this
representation, the distance from the data point (xn , yn ) and the line y = mx + b is given
by equation (5).


 yn − (mxn + b) 


εn =  √ 2
(5)
m +1 
The line which minimizes the sum of the squares of these errors εn is the two dimensional
Euclidean regression line.
By a least squares calculation outlined in the appendix, we can derive the formula for
the parameters of the Euclidean regression line. Representing the line being sought by
y = m̂x + b̂, we ﬁnd that
√ 2
m̂ = −R ± 2 R + 4
(6)


where we have deﬁned

σ2 − σ2
R = xσ y
xy

(7)

and b̂ is deﬁned analogously to equation 2.
Calling the two possible slopes m̂± , from the expression in equation 5 we ﬁnd that

√
√


−
R + R2 + 4 −R − R2 + 4
= −1
m̂+ m̂− =
4


demonstrating that the solutions are perpendicular to one another, from which it is easy to
see that one represents minimum error and the other maximum error. In general it is easy
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to select the slope that minimizes the error, and it can be shown that the correct solution
is the one for which the sign of m̂ matches that of σxy .

3

Simulation and Verification

We have performed a simulation to compare the results of two dimensional Euclidean regression to standard linear regression. In this simulation, for each angle from 1 to 179
degrees (with the exception of 90◦ ) we generated 10,000 diﬀerent line segments with the
corresponding slope but diﬀering in starting point. All line segments were chosen to have
the same length (independent of slope). We uniformly sampled these line segments to produce 50 clean data points, and then randomly displaced each of these points by adding
independently distributed Gaussian noise to its x and y values. The standard deviation in
both x and y directions was taken to be 2 percent of the length of the entire line segment.
For each of the 10,000 sets of noisy data points we estimated the slope and y-intercept
using both our method, and the conventional method of performing linear regression with
selection of dependent and independent variables based on the angle exceeding 45◦ . We
declared the Euclidean regression to be superior if the slope it predicted was closer to the
true value than for that estimated by the conventional method. We then tallied the number
of superior instantiations out of the 10,000 tested, and plotted this number versus the angle
in Figure 5. As can be seen from the ﬁgure, the two dimensional Euclidean regression is
clearly superior to the conventional method except for lines very close to the vertical or
horizontal.
We have also used Euclidean regression in several real mapping problems. In these
applications we need to couple the technique with a segmentation algorithm that terminates
line segments at points where the slope changes signiﬁcantly, and automatic removal of
outliers. In the situations we have encountered there are typically a few tens of data points
per segment, and the noise on the points is circularly distributed. Once the line segments
are computed they are concatenated and overlaid as a graphic representation of the feature.
We have veriﬁed by visual inspection that Euclidean regression produces a representation
of signiﬁcantly improved quality.

Appendix: Derivation of equation 5
The derivation proceeds along familiar lines. Using equation (5), the total error to be
minimized is given by

N εn = N [yn − (m̂xn + b̂)]
m̂ + 1
n
n
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Diﬀerentiating according to b we ﬁnd that

 







N
0 = d
ε2n = m̂21+ 1 2m̂ xn − 2 yn + 2N b̂
db̂ n=1
n
n

from which we easily deduce

b̂ = 2

 y − 2m̂  x

= < y > − m̂ < x >

2N

as expected.
The diﬀerentiation by m̂ is harder. Calling the contents of the square brackets Z ,



N

0 = ddm̂ ε2n = ddm̂ m̂2Z+ 1
n=1



=



2m̂Z − (m̂2 + 1) ddm̂ Z
(m̂2 + 1)2



and for this to be zero, its numerator must be zero.
0 = 2m̂Z − (m̂2 + 1)Z
The required derivative of Z is

Z = 2m̂




x2n − 2





xn yn + 2b̂



xn

and after collecting terms and dividing by N , we obtain the following expression.





2(m̂2 − 1) b < x > − < xy > + 2m̂ b̂2 + < y > − < x2 > −2b̂ < y >
Substituting b =< y > −m < x >, we get a quadratic equation for m̂.
[< x >< y > − < xy >] m̂2 +
(< x > − < x >) − (< y >2 − < y2 >) m̂ −
[< x >< y > − < xy >]
2

2

Before solving, it is useful to deﬁne
2
x 2 > ) − (< y > 2 − < y 2 > )
R ≡ (< x >< −x <
>< y > − < x >< y >

and to rewrite the quadratic equation,

m̂2 + Rm − 1 = 0
from which equation 6 follows.
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Figure 1: The classical linear regression problem. Here the approximation error is the vertical
distance of the data point from the approximation line.
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Figure 2: Classical linear regression when the slope is large. Small inaccuracies in x values are
interpreted as large errors in y, making it diﬃcult to recover m.
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Figure 3: Linear regression with y as the independent variable. The data is the same as in the
previous ﬁgure, but here the approximation error is the vertical distance of the data point from
the approximation line.
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Figure 4: Euclidean regression. Here the approximation error is distance of the data point from
the approximation line, i.e. the distance to the closest point on that line.

7

successes
6200

6000

5800

5600

5400

5200

5000

4800

angle(degrees)

4600
0

20

40

60

80

100

120

Figure 5: Simulation results.
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